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If H is a closed subgroup of a Lie group G with left-invariant metric, then under certain 
conditions, the left-invariant foliation {gH ( g E G} of G has equidistant leaves. When this 
happens, the metric projects naturally to one on the quotient G/H. These were perhaps the first 
nontrivial examples of Riemannian submersions, and have been extensively studied, notably to 
construct new metrics on homogeneous paces. But the very fact of being able to partition a 
space into equidistant submanifolds imposes strong restrictions on its geometry. In this paper, 
we focus on the ambient space rather than the base, and explore some geometric properties of 
Lie groups admitting such foliations. In the present context, H is not assumed to be closed, nor 
is the metric necessarily right-invariant under H. 
Of particular interest are homogeneous foliations, those whose leaves are locally orbits of 
isometry groups. In dimension one, i.e., for the flow of a left-invariant vector field X, this 
happens when for example adx is skew-adjoint. It is shown that in this case, each point of G 
is contained in some flat minimal rectangle, which is in fact totally geodesic when G is even- 
dimensional, so that the metric is of higher rank in a certain sense. There are of course many 
more left-invariant homogeneous flows than those for which adx is skew-adjoint, but it turns 
out that, at least for unimodular G, they all share the property that Ric(X) 3 0. This leads us 
to characterize those Lie groups that admit a direction of nonnegative Ricci curvature which is 
independent of the given left-invariant metric (for sectional curvature, Milnor [S] conjectured 
this direction should be central). 
Higher-dimensional foliations are explored next. On nilpotent groups for example, left- 
invariant foliations are Riemannian precisely when they are generated by ideals, and are therefore 
homogeneous fibrations with minimal leaves. As an application, Riemannian solvmanifolds al- 
ways admit homogeneous harmonic foliations. Finally, we point out that even though Riemannian 
foliations need not, in general, be left-invariant, there is at least one important exception: On the 
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Heisenberg groups, the Riemannian foliations by hypersurfaces coincide with the left-invariant 
ones, and are thus always generated by an ideal. This property, which is well-known for abelian 
groups, follows from the fact that although the Heisenberg groups are not symmetric spaces (so 
that the curvature tensor is not parallel), the Ricci tensor is parallel, in the sense that Ric(?) is 
constant along a geodesic c. 
1. Basic concepts 
In this section, we introduce some notation and recall the main concepts that will be used. 
A foliation 3 of a Riemannian manifold M is said to be metric or Riemannian if the leaves of 
3 are locally everywhere equidistant. In our context, M will almost always be a Lie group G 
with left-invariant metric, and the foliation will consist of left cosets of a connected subgroup H. 
Such foliations will be called left-invariant. Metric considerations then take place entirely in the 
Lie algebra 0 of G. It is for instance straightforward to check that the foliation is metric if and 
only if 
([V, Xl, w = 0. v E ly), x E fJk (1.1) 
with IJ denoting the Lie algebra of H. Thus, the foliation will be Riemannian if for example the 
metric is AdH-invariant. It will also be Riemannian if H is a normal subgroup of G, regardless 
of the left-invariant metric. Typical examples are the Hopf fibrations of the Lie group S” of unit 
quaternions in the first case, and the fibrations of the Heisenberg groups H,, generated by the 
center in the second case. The majority of examples, though, do not fall into either category: 
Example 1.2. Let JJ denote the metric Lie algebra with orthonormal basis V. X, Y where 
[V, X] = Y - v. [V, Y] = -x + v, [X. Y] = -x - Y + v. 
It is not difficult to check that 0 is the noncompact simple Lie algebra of SL(2, Iw). The left- 
invariant vector field V generates aRiemannian foliation, but ad” is not skew-adjoint, nor is (V) 
an ideal. 
A foliation on a Riemannian manifold M induces an orthogonal splitting TM = V CD K of the 
tangent bundle into vertical and horizontal subbundles, with the first factor tangent o the leaves. 
The corresponding decomposition of u E TM is written u = uU + uh. The leaves are locally 
given by the fibers of submersions r : U -+ B which are Riemannian whenever the foliation is 
Riemannian. A horizontal vector field X is said to be basic if it is n-related to some vector field 
on B. An equivalent, global characterization is that a horizontal X is basic if its flow preserves 
the foliation, i.e., if [X, V] is vertical for vertical V. Thus, for Lie group foliations, horizontal 
left-invariant vector fields will not in general be basic, unless b happens to be an ideal. 
The integrability tensor is the 2-form A on 3c with values in V given by 
AxY = ;[X, Y]” = &Y. (1.3) 
and the second fundamental form of 3 is the 1 -form on N with values in the space of self-adjoint 
operators of V given by 
SxT = -+,X. (1.4) 
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If X is basic, then by (1.3), 
6,X = &T = -A;T, 
where A*, denotes the pointwise adjoint of Ax. 
(1.5) 
Let c denote a horizontal geodesic. The horizontal lifts of the local projections of c yield 
diffeomorphisms h’ from neighborhoods of c(0) in the leaf to corresponding neighborhoods of 
c(t), called ‘holonomy displacements’ after [5]. For vertical u E M,(O), h’,u = J(t), where J is 
a nowhere-zero Jacobi field along c with J (0) = u. By (1.4) and (1 S), we have 
J’ = -A,*J - &J. (1.6) 
Let Rc denote the self-adjoint linear operator R(-, k)i: of the tangent space Mi of M at ?, so that 
J” = -Rt J. Using (1.6) and the fact that for any c, there is a vertical basis of holonomy Jacobi 
fields that are orthonormal at t, it is straightforward to check that the Riccatti-type equation 
(1.7) 
holds along c, see also [3,7]. 
Two more concepts will be needed: A foliation is called homogeneous if locally, its leaves 
coincide with the orbits of some group of isometries acting freely on M. A homogeneous foliation 
is necessarily Riemannian. The converse is not true, even for Lie groups: We will later see that 
the one in Example 1.2 is not homogeneous. The reader should be cautioned that homogeneity 
has a stronger meaning here than in [5]: Their definition, which is tailored for spaces of constant 
curvature, does not imply that the foliation is Riemannian in arbitrary spaces. In fact, a left- 
invariant foliation of a Lie group is always homogeneous in the sense of [5] regardless of the 
left-invariant metric. Finally, 3 is said to be isoparumetric if the mean curvature vector field of 
the leaves is basic. Clearly, homogeneous foliations are always isoparametric. 
2. Flows 
We first consider one-dimensional eft-invariant foliations, or on the Lie algebra level, an 
element V E 0. V will be said to be metric or homogeneous if the corresponding foliation has 
that property. Recall that the unimodular kernel of g is the ideal consisting of all X E 0 with 
tr adx = 0. This ideal always contains [g, 81, and if it equals all of 8, then 0 is said to be 
unimodular. It follows from (1.1) that any metric V E 0 belongs to the unimodular kernel u of 
0, and the restriction to u is again metric. 
By definition, V is homogeneous if locally there exists a positive function h such that h V is 
a Killing field. Two special cases are worth mentioning: 
(1) h = 1, i.e., ad” is skew-adjoint, or equivalently, V is both metric and totally geodesic; 
(2) hV = v, where ? is the right-invariant vector field with v, = V,. This means that left 
and right cosets coincide, or equivalently, that (V) is an ideal. 
Propsition 2.1. A metric V E (I is homogeneous if and only if Vv V is orthogonal to [g, 01. 
In particular, such a V, if not already Killing, becomes o when restricted to the codimension 1 
ideal (Vv V)‘. 
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Proof. Suppose V is homogeneous, and consider the mean curvature 1 -form K of the foliation, 
K(E) = (V,V, E).TheKillingcondition(VEhV. V)+(VvhV, E) = Oimplies Eh+hK(E) = 
0, so that K = d ln( 1 /h). Essentially the same argument establishes that V is homogeneous 
whenever K is closed. Finally, observe that since K is left-invariant, dK(E, F) = -K[ E, F], for 
E, F E g. 0 
The case when V itself is Killing-i.e., both metric and totally geodesic-is of special interest, 
even on more general Riemannian manifolds: 
Theorem 2.2. Let 3 be a totally geodesic metricJEow on a complete Riemannian marCfold. 
Then 
(I) For each p E M, there exists a minimal isometric immersion F : 32’ -j M of,flat Iw’ 
with F(0) = p. 
(2) If M is even-dimensional, then F above may be chosen to be total!\ geodesic. 
Proof. Let c : JR --+ M denote a unit-speed parametrization of the leaf through 17, c(O) = I?. 
Given any unit x _L i(O), extend x to a basic vector field X along c, and consider F : W’ -+ M, 
given by F(t. s) = exp,C,y, t X,. The curves s H F (t . s) are unit-speed parametrizations of leaves, 
so that F is an isometric immersion. Since F,& and F,& are auto-parallel, the immersion is 
minimal. 
To prove (2), denote by V one of the two (local if necessary) unit vector fields tangent o 3. 
Then, for basic X, 
V”X = VxV = t;“X = $,V = -A*,V, 
where, as before, A*, : V -+ x denotes the adjoint of Ax. It follows that 
R(X. V)V = -V”V,,X. 
and X is Jacobi along leaves. Since V is Killing, the sectional curvature of the plane spanned 
by X and Y is constant along leaves if Y is basic. Thus by O’Neill’s formula [9], (Vc.X. Y) = 
-(Ax Y, V) is also constant, and VI/X is always basic. This implies that VVV~,X = A’X. 
where A is the skew-adjoint operator on 3t given by AX = A*,V. Thus. letting Rv denote 
R(.. V)VIv_, we have 
Rv + A2 = 0. 
In particular, eigenspaces of Rv corresponding to nonzero eigenvalues must be even-dimensional, 
so that there is a basic X with RvX = AX = 0. This X is then a parallel Jacobi field, and the 
rectangle F defined above becomes totally geodesic. Cl 
We will say the metric on M is qf higher rank if each point of M is contained in some flat 
totally geodesic submanifold. With this terminology, the following is an immediate consequence 
of Theorem 2.2: 
Corollary 2.3. Let G be an even-dimensional Lie group with Iqft-invariant metric. [f adx is 
skew-adjoint~fbr some X E g, then the metric is of higher rank. 
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This occurs for example if g has nontrivial center. Notice, though that these flat rectangles will 
not, in general, be generated by a subalgebra of g, since basic fields need not be left-invariant. 
Theorem 2.4. Let G denote a unimodular Lie group with left-invariant metric. If the left- 
invariant foliation generated by V E g is homogeneous, then Ric( V) 3 0. 
Proof. If {E;} is an orthonormal basis of 8, then 
Ric(V) = -i tr ad; -i trad*, ad” +i x([Ei. Ej], V)2, 
icj 
(2.5) 
see [2]. We may assume V is not autoparallel, since otherwise any plane containing V already 
has nonnegative sectional curvature by the proof of 2.2. So let U = -VV V/l VV V 1, and extend 
U, V to an orthonormal basis U, V, Xi of g. By 2.1, U I [g, 01, and V is autoparallel in the 
codimension 1 ideal U’. It follows that ad 1 v ,,I is skew-adjoint, so that (2.5) becomes 
Ric(V) = -i(adt U, U) - i(adt ad” U, U) + i x([Ei, Ei], V)2, (2.6) 
with Ei ranging over the basis U, V, Xj. The first term on the right side in (2.6) vanishes because 
U -L [g, g]. The second term may be written as 
-i] ad” U12 = -i C(adl/ U, Xi)’ - i(adv U, U)2 - i(adv U, V)2. 
Since V is homogeneous, it is isoparametric, and ad” U is vertical. Thus the first two terms in 
the above identity are 0, whereas the third one appears in (2.6) with opposite sign. This shows 
that Ric(V) 3 0. c3 
We recall that in general, even if 0 is not unimodular, a metric field V always belongs to the 
unimodular kernel, and induces a metric foliation there. More interestingly, Theorem 2.4 has the 
following consequence: If V spans a one-dimensional ideal on a unimodular 0, then Ric( V) 3 0 
for every left-invariant metric. Recall that Milnor [8] conjectured that central vectors are the 
only elements with the property that every plane that contains one has nonnegative sectional 
curvature, regardless of the left-invariant metric. This was proved in [l]. It follows from the 
above that this is no longer true for Ricci curvature. In fact, one has: 
Theorem 2.6. A Lie group G has a direction V such that Ric(V) 3 0 for every left-invariant 
metric if and only if 
(1) 
(2) 
the center 3 of g is nontrivial, or 
g is a semi-direct sum IR c@, g 1, where 01 is unimodular with nontrivial center ~(01). 
Moreover, identifying 4 with C$ (l), C$ h as some one-dimensional eigenspace E c 2 (g 1) 
for which tr(@ 1 E) . tr 4 < 0. 
Remarks 2.7. (a) In (2), any vector in E will have nonnegative Ricci curvature. If the trace of 
#IE is zero, then E c 2 and we are in case (1). 
(b) A unimodular 0 satisfies the hypotheses of 2.6 iff it contains a one-dimensional ideal 
i = (V): In fact, if V $ 2, then 01 = ker ad” (the if part for unimodular g can also be deduced 
from the proof of the lemma in [2]). 
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Examples 2.8. (1) Let L be a linear operator on Iw” (n 3 2) such that a tr L c 0 for some 
eigenvalue a of L. Take g = Iw. X @ IIE”, with adx 1~~~ := L. Then g is a nonunimodular algebra, 
and a-eigenvectors of L will have positive Ricci curvature for any left-invariant metric. There are 
also examples in dimension 3 for unimodular g: The group of rigid motions of the Minkowski 
plane admits a noncentral direction which has zero Ricci curvature for every left-invariant metric. 
(2) If g is semi-simple, then for any V E g, there exists a left-invariant metric with Ric(V) < 0 
by 2.6. 
Proof of 2.6. Suppose V E g has nonnegative Ricci curvature for every left-invariant metric. Fix 
some such, and consider any X J_ V. By [8, Theorem 2.51, [V, X] must be a linear combination 
of V and X. If p denotes the orthogonal projection g + VI, then p o adl; : V’ -+ V-l maps 
each vector to a multiple of itself, and is therefore a multiple of the identity map. Thus, for some 
h.EIK 
[V. X] = ([V, X], V)V + AX. x I v. 
But the condition on the Ricci curvature implies that V belongs to the unimodular kernel of g 
by [8, Lemma 6.41, so that h = 0, and (V) is an ideal. If V is central, we are done, so assume 
V $ 2. Then gl := ker adv is a codimension 1 ideal, and g = Iw X @ gl for some X E g. 
Moreover, (Y := - tr adxl(,,, # 0, since [V, X] = aV. We claim that go is contained in the 
unimodular kernel u of g. If not, i.e., if Y +! u for some Y E g, , choose an inner product on g 
for which X + aY (a E Iw) is a unit vector orthogonal to 81, and 1 V 1 = 1. Then 
VI/V = (VvV, X + aY)(X + aY) = -(ad*, V, X + aY)(X + aY) 
= -(ad\) X. V)(X + aY) = -a(X + aY). 
It will be shown in Section 3 that since (V) is an ideal. 
Ric(V) = - tr ado,.” +i C([E;. Ej]. V)“. (2.9) 
Then - tr adv,,” = a(tr adx +a tr ady) < 0 if a is adequately chosen. Now modify the inner 
product further by multiplying the length of vectors in g1 f’ Vi by 1 /t, c > O.Then tr ado, v 
remains unchanged, whereas the second term on the right side of (2.9) can be made arbitrarily 
small, and Ric( V) would become negative, which is impossible. 
In conclusion, g = I1B. X @ gl, with g1 unimodular, V E j(g]), and 
Ric(V) = - tr adxIcv, . tr adx +$ x([E;. E,]. VI)‘. 
The assertion in (2) now follows since the last term may be made arbitrarily small. 
For the converse, we need only consider the case when g has trivial center. So suppose 
g = Ps . X CD 81, where g1 is a unimodular ideal, V E j(g1 ), and fix some left-invariant 
metric. Since V is an eigenvector of ad X, it spans an ideal in (1, and g1 = ker ad\, Consider an 
orthonormal basis {E; ] of g with El l_ 81. Then E I = UX $- Y for some Y E g and nonzero 
(1 E Ps. Moreover, 
VvV = 1 -(ad” Ei, V)Ei = (a tr adx/(v;) . El. 
so that - tr ado,” = --a tr adx I(v) . tr adE, = --cI’ tr adx I(“; tr adx 3 0, and Ric(V) 3 0 by 
(2.9). 0 
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Recall from Section 1 that if H is a connected Lie subgroup of G with Lie algebra IJ, then 
the left-invariant foliation generated by H will be metric iff ([V, X]. X) = 0 for all V E IJ and 
X E IJ~. In particular, if b is an ideal, then the foliation will be metric regardless of the inner 
product, and in fact will be homogeneous. Several features of codimension 1 ideals described 
in [8] generalize to arbitrary codimension. We briefly describe them below. As usual, we will 
alternate between a connected Lie group and its Lie algebra without further comment. 
LetU,VEIJ.IfX-Lh,then 
(VI/V, X) = ;u1x, Ul, V) + ax, VI, U)>. 
It follows that the second fundamental tensor S of the leaves is given by 
sx = $x + L*,), LX := adx]t,. (3.1) 
Here is one application: 
Proposition 3.2. Let g be a unimodular Lie algebra, b a subalgebra containing [g, 01. Then 
the left-invariantfoliation of G generated by H is a homogeneousjbration with minimal$bers. 
Proof. fj is an ideal, and adx(bl) c [g, g] c lo. Thus, tr L x = tr adx = 0, and the leaves are 
minimal by (3.1). They are actually fibers of a fibration since H is normal. 0 
Notice that in 3.2, the quotient is a flat (indeed, abelian) Lie group. If in addition b has 
codimension 1 (i.e., if b = Xl, for some X _L [g, g]), then the fibration has minimal fibers 
and vanishing A-tensor (cf. also [lo]), even though the metric on G is not, in general, a product 
metric. (It is well known that a metric foliation with totally geodesic leaves and zero A-tensor 
coincides at least locally with the fibers of the projection of a metric product onto one of the 
factors). 
Before discussing another application of (3.1), we recall the following terminology: A Rie- 
mannian solvmanifold is a quotient r\G of a solvable Lie group G by a cocompact discrete 
subgroup r, together with the Riemannian metric inherited by some left-invariant metric on G. 
Corollary 3.3. Any Riemannian solvmanifold M admits a homogeneousjibration with minimal 
leaves (and in fact, with vanishing A-tensor). 
Proof. Since M is compact, G is unimodular by [8], so apply 3.2 with b = [g, g] (or h = X’, 
where X I [g, 81, to get A = 0). q 
Remark 3.4. If G is nilpotent, then any left-invariant fibration generated by an ideal has mini- 
mal fibers: Indeed, Lx is nilpotent in (3. l), hence has zero trace. In particular, an n-dimensional 
nilpotent Lie group admits fibrations of every codimension which are minimal and homoge- 
neous for any left-invariant metric. Just as in the solvable case, this carries over to Riemannian 
nilmanifolds. Moreover, these are essentially the only left-invariant metric foliations: 
Proposition 3.5. The left-invariant metricfoliations of a nilpotent Lie group are precisely those 
fihratiorzs generated by ideals in its Lie algebra. 
Proof. If b is the subalgebra of g defining the foliation, consider any V E b, and let k denote the 
smallest integer such that p o adk, = 0, where 17 : g + bL is orthogonal projection. It suffices to 
show that k = 1. If not, we may choose some E E bi such that Y := (p c ad::-‘) E # 0, and set 
X := (p o ad\-‘)E (with ad\ denoting the identity). Then p o ad” X = Y, and p 1-1 ad\, Y = 0. 
Thiscontradicts(l.l),sinceX+Y I h.but (ad\,(X+Y). X+-Y) = (adb X, Y) = /Y/’ # 0. 0 
The argument in 3.5 may be extended to Lie groups with left-invariant metrics of negative 
curvature. Recall from [6] that the Lie algebra of such a group splits as an orthogonal direct sum 
g = [g, g] @ II% . X, with [g, g] nilpotent. Moreover, (adx Y. Y) # 0 for all Y E Lg. g]. 
Proposition 3.6. Let G denote a Lie group with left-invariant metric of’ negative sectional 
curvature. Then any left-invariant metric foliation qf G is a homogeneous fibration generated 
by an ideal contained in [e. 01. 
Proof. Let $ denote as usual the subalgebra of g generating the foliation, p : b -+ g the 
orthogonal projection onto the derived algebra [g, g], and I : fj L, g the inclusion. We tirst show 
that p = I. Certainly, the kernel of p - z has codimension < 1. If it is not all of h, let V span the 
orthogonal complement of the kernel of p --I, and write V = aX +bY, for some unit Y E [g, g J. 
a.,bEW.Byhypothesis,a#O,andby(l.l).h#O(’ smce (adx Z, Z) # 0 for all 2 E [g, g]). 
Moreover Y I ker(p - z), so that hX - aY I h. By (l.l), [V. bX -- aY] i hX - cry. But 
]V, bX-aY] = -(a’+b*)[X, Y] E [g. 81, so [X, Y] _L aY,andthusa = 0,contradiction. IJ is 
therefore contained in [g, g], and by 3.5 is an ideal in [g, g]. It is now easy to see that h is in fact an 
idealing:forV E b,andY E b’~I[g.gJ,wehaveO=(]V.XiY].X+Y[) = ([V.Xl,Y). c1 
Notice that for the Lie groups in 3.6, such Riemannian submersions always exist: Take for 
instance 9 = ~[g, g], in which case the leaves are intrinsically flat (but in genera] not minimal). 
Example 3.7. Complex hyperbolic space is the Lie group with algebra [g. g] @ Ii? X, where 
[g, g] is the three-dimensional Heisenberg algebra h-‘. Let V span the center of h3. It follows 
from 3.5 and 3.6 that V is, up to constant multiple, the only left-invariant metric vector field 
of g. 
The Lie algebras in 3.6 are solvable of a very special kind, and the statement does not 
extend to arbitrary solvable algebras, even in low dimensions: Consider for example the three- 
dimensional metric algebra g with orthonormal basis CJ, V. X, where [U. V ] = 0, [X. I/ ] = V. 
and [X, V] = -lJ. 0 is isomorphic to the Lie algebra of the group of affine motions in the plane. 
X’ is a metric-indeed, a Killing-field, but does not span an ideal. 
We now exploit (3.1) to derive some curvature relations, in particular (2.9) which was used 
earlier. Let i be an ideal in g, V E i, and X i i. Recall from (3.1) that the S-tensor of the 
submersion generated by g + g/i is Sx = ~(Lx + L:), while the A-tensor is given by 
Ax = 4 p o adx ]iA, where p denotes the orthogonal projection onto i. Thus, $1, X = -Sx V, 
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$,V = i(Lx - Lg)V, and 
R”(V, X)X = V”VXX - VXV”X - V[“.x,x 
= -sv,xv - V,(V”X + 6,X) - V[“.X,X 
= -SV,XV+$(LX-L*,)(LX +L>)V+C(V*Xi, V)+,Xt 
- i(Lx + Lp!JxV, 
i 
where {X, } is an orthonormal basis for i I. Thus, if R; denotes the operator V H R”(V, X)X, 
then 
R; = -Svxx - S; + AxA; + $[Lx, L*,]. (3.8) 
Here is one application: Milnor showed in [8] that Ric(X) 6 0 for any X J_ [g, ~1. (3.8) 
shows that if in addition adx is normal, then every plane containing X has nonpositive sectional 
curvature: Indeed, since X’ is a codimension one ideal, VxX = 0 and Ax = 0, so that 
R; = -S;. 
Consider finally the case where i is one-dimensional, spanned by V. Then LX is self-adjoint. 
and (RxV, V) = -(Lv,xV, V) - ILxV12 + lA>Vl* = -(adv,v X, X) - ILxV/’ + IAiVl*. 
One easily computes that (ad vvv V, V) = xi [LX, V12, so that 
Ric(V) = -tr ado,” + c IA;, VI’, 
which is equivalent o (2.9). 
4. Hypersurface foliations in Heisenberg groups 
In general, the class of metric left-invariant foliations on a given Lie group is significantly 
smaller than that of all metric foliations, For codimension 1 foliations, one important exception 
is that of abelian groups: It is well known that any metric hypersmface foliation of Euclidean 
space is a fibration by parallel hyperplanes, so that it may be viewed as the left-invariant fibration 
generated by a codimension one ideal. We wish to extend this fact to the Heisenberg group H,, 
consisting of all matrices of the form 
1 xi . . . x, z, 
0 1 . . . 0 y,, 
I! 
. . 
0 * 4 . . . . . 1 YI 0 . . 0 I 
It turns out that here too, the Riemannian codimension one foliations are precisely the left- 
invariant ones generated by an ideal. Thus, they are Riemannian for every left-invariant metric, 
and it follows from 3.4 that they always have minimal fibers. 
Let Z be a unit vector field spanning the center 2 of the Lie algebra of H,,. Given any 
left-invariant metric, the linear operator VZ : 2’ -+ 2’ ’ IS skew-adjoint, and there exists an 
orthonormal basis Xi, Yi , . . . , X,: Y, of 2’ such that 
VZX; = Vx, Z = -(Yi Yj, VzY; = v,z = crjx;. (4.1) 
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for some ai E IF?. It easily follows that 
Vx,Yi = -V,Xj = (lljZ. (4.2) 
and all other covariant derivatives vanish. Thus, the only nontrivial bracket relations are 
[X;, Y;] = 2~; Z. The above equations also imply that the plane spanned by X, and Y; has 
sectional curvature K,, y, = -3$, and similarly, Kx,,z = Ky,,z = a,‘, whereas the other 
curvatures are zero. 
Even though the Heisenberg group is not a symmetric space (in which the curvature tensor is 
parallel). it has a Ricci tensor which is parallel in the following sense: 
Proposition 4.3. If c : R + H,, is a geodesic, then Ric(?) is constant. 
Proof. Normalize c so that it has unit speed. Observe first that since Z is Killing, (Z o c, i’) is a 
constant = cos 8, where 8 is the angle between Z and c. Writing 
and expanding the geodesic condition VD? = 0 yields after a lengthy but straightforward com- 
putation: 
[ ‘I fj ct) = e-2i(cosO)c7,t gJ [ 1 ,‘i (0). J 
where elU denotes rotation by angle CL. It follows that c makes a constant angle 8, with each plane 
Pi o c = span{Xi o c, Y; o c}. Let to E Iw. Since the connection relations (4.1) and (4.2) remain 
unchanged if one replaces Xi, Y, by X; = cos (Y. X; + sin (Y. Yi , ?, = - sin c~. X, +cos a!. Yi , it may 
be assumed, as far as curvature relations are concerned, that k(to) = c, cos Qi Y; Ir.(,,,, + cos 8 
Z Jccttrj _ In what follows, it is understood that all functions and vector fields are to be evaluated at 
tU, even though we omit it for brevity of notation. Now, i-l is spanned by XI, , X,,, together 
with an (n - I)-dimensional subspace E of span{ Y, , , Y,}, and some unit vector field I/ in 
the plane determined by Z and k. 
Computing the Ricci curvature, we first have 
c Kx, .<’ = ~(R(Xk.~~~~Q, .Y, +cosH.Z)xcosQj.Yj +cosQ.Z.Xk) 
i: !T I I 
= -3 c a; cos2 Qk + cos’ Q c ,$. 
Next, observe that the plane spanned by U and ? is the same as the one spanned by Z and 
Y := CcosQ,Yi. Thus, if El.. . . , E,_, form an orthonormal basis of E, then the remaining 
terms are 
c KE,.c + KU.? 
(R( ~cosQ,~ Y,, Z)Z. ~coso,,, . Y,>,j 
COST 8 C KE,,z + 
/ = 
)‘ cos2 Q,, m (*I 
= COS2e~KE,.Z f 1 _tos2Q ~&3X2&. 
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But 
c XE,,z + KU.C = c KE,,Z + KY,Z = c KY,,Z = c~;, 
j j 
so that (*) becomes cos2 8 C (rl+ C ai cos2 &. Thus, 
Ric(k) = 2 (cos2 8 c ai - c cos2 0, CX~) 
is constant. El 
Theorem 4.4. Let H,, denote the Heisenberg group together with some left-invariant metric. 
The Riemannian foliations of H,, by hypersu$aces coincide with the (necessarily harmonic) 
left-invariant$brations generated by codimension one ideals in its Lie algebra. 
Proof. By (1. l), every left-invariant fibration generated by an ideal is Riemannian. Conversely, 
let 3 denote a codimension one Riemannian foliation, and consider a (local, if necessary) totally 
geodesic unit vector field X spanning the normal bundle of 3. Let V, 1 V 1 = 1, denote the 
normalized projection of Z onto the leaves (Z is nowhere horizontal by [ll, Theorem 1.31). 
Then [V, X] = 0. Write VX V = f U, 1 U 1 = 1, and consider an integral curve c of X. With 
notation as in 4.3, 
(V o c)” = -Rt(V o c) = - 
1 
1 - cos2 I9 (c 
(21: COS2 Bi 
> 
V 0 C, 
since V o c is both a Jacobi field and an eigenvectorfield of Rc. Using the fact that (V o c)’ = 
(f o c)U o c, we obtain 
Taking traces in the Riccatti equation (1.7) yields 
s’ = s2 + & Ric(k) + &St - s Id 12, 
where s = (1/2n) tr St. Observe that for any orthononnal basis Ui of @, 
1st - s Id I2 = tr(& - s Id)2 = C(StUi, Uj)2 + C((ScUi, Ui) - s)~ 
i#j i 
3 2 CtskUi3 Ujj2t 
ixj 
so that by (4.5), 
By 4.3, 
Ric(k) = 2 (co,Z 8 C a; - C a? cos2 t9i) 3 -2 C af cos2 @. 
Thus, Ric(k) + I& - s Id I2 3 0. Since s is defined for all time, it follows from (4.6) that s = 0 
and the leaves are minimal. Moreover, Ric(k) + ]S, - s Id I2 = 0, so that 8 = n/2, and Z = V 
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is tangent o the leaves. Finally, I&l’ = ISi. - .r Id I2 = 2(&U, Z o c)‘. which implies 
v,x = 0. u E {X. u. Z}l. (4.7) 
It remains to show that X is left-invariant. To do this, we will establish that ,fi = (X, X,) and 
K, = (X. Y,) are constant. Certainly the gradients of these functions are orthogonal to Z because 
for example Z(X. Xi) = ([Z, X], X,) + ([Z, Xj]. X) = 0 (since Z is Killing). Next, observe 
that the bracket relations in the Lie algebra imply that V,,X; is a multiple of Z whenever u I Z. 
Thus. 
(V,,X, Xl) = U(X. X,j) - (X, V,JX,J) = U(X, Xj) = (Of). U), 
But the !eft side is zero for u = X (since X is totally geodesic), for u = U (since VI: X = ,f‘Z), 
and for u E {Z. LJ, X)’ by (4.7). Thus, V,fj = 0, and similarly, g; is constant. [Z 
Remark 4.8. Theorem 4.4 yields a classification of all metric foliations by surfaces on 3- 
nilmanifolds, since these spaces are isometrically covered by HI or Euclidean I@. 
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